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Abstract

We propose a Riemannian gradient descent with the Poincaré metric to compute
the order-a Augustin information, a widely used quantity for characterizing exponen-
tial error behaviors in information theory. We prove that the algorithm converges to
the optimum at a rate of O(1/T). As far as we know, this is the first algorithm with
a non-asymptotic optimization error guarantee for all positive orders. Numerical ex-
perimental results demonstrate the empirical efficiency of the algorithm. Our result
is based on a novel hybrid analysis of Riemannian gradient descent for functions that
are geodesically convex in a Riemannian metric and geodesically smooth in another.

1 Introduction

Characterizing operational quantities of interest in terms of a single-letter information-
theoretic quantity is fundamental to information theory. However, certain single-letter
quantities involve an optimization that is not easy to solve. This work aims to propose
an optimization framework for computing an essential family of information-theoretic
quantities, termed the Augustin information [1L 2 B 4, B ©, [7, 8], with the first non-
asymptotic optimization error guarantee.

Consider two probability distributions P and ) sharing the same finite alphabet ).
The order-a Rényi divergence (a € (0,00)\{1}) is defined as [9, [10]

1
a—1

Da(P||Q) = log Y~ P(y)Q'*(v).

yey

As « tends to 1, we have

lim Do (PQ) = D(P|Q),

where D(P||Q) := Ey.p [log %] is the Kullback—Leibler (KL) divergence. The KL

divergence defines Shannon’s mutual information for a prior distribution Px on the input



alphabet X’ and a conditional distribution Py |y as

I(Px, Py|x) = %iynEXD(PHX(‘ | X)Qvy)
= D(Py|x||Py|Px),

where the minimization is over all probability distributions on ) and Py = Ex [Py‘ x]-
Augustin generalized Shannon’s mutual information to the order-a Augustin information
[1, 2], defined as

Io(Px, Py|x) = %iYnEXDa(PHX(' | X)Qy)- (1)

The Augustin information yields a wealth of applications in information theory, in-
cluding:

(i) characterizing the cut-off rate of channel coding [3],

(ii) determining the error exponent of optimal constant compositions codes for rates
below Shannon’s capacity [111 [}, 12| 2], T3, 14}, 15| 16],

(iii) determining the strong converse exponent of channel coding for rates above Shan-
non’s capacity [17, [I8] 19] 20, 21],

(iv) determining the error exponent of variable-length data compression with side infor-
mation [22 23],

(v) demonstrating an achievable secrecy exponent for privacy amplification and wiretap
channel coding via regular random binning [24] 25].

In spite of the operational significance of the Augustin information, computing it
is not an easy task. The order-a Augustin information does not have a closed-form
expression in general unless « = 1. The optimization problem is indeed convex
[10, Theorem 12] so we may consider solving the optimization problem via gradient
descent. However, existing non-asymptotic analyses of gradient descent assume either
Lipschitzness or smoothnessﬂ of the objective function [26} 27, 28]. These two conditions,
which we refer to as smoothness-type conditions, are violated by the optimization problem
(@ 1291

In this paper, we adopt a geodesically convex optimization approach [30, 31}, 32, B3].
This approach utilizes generalizations of convexity and smoothness-type conditions for
Riemannian manifolds, namely geodesic convexity, geodesic Lipschitzness, and geodesic
smoothness [30, B34, 35, [36], 37, B8, B9, 40} [41]. Since the lack of standard smoothness-type
conditions is the main difficulty in applying gradient descent-type methods, we may find
an appropriate Riemannian metric with respect to which the objective function in the
optimization problem is geodesically smooth.

Indeed, we have found that the objective function is geodesically smooth with respect
to a Riemannian metric called the Poincaré metric. However, numerical experiments sug-
gest that the objective function is geodesically non-convexr under this metric. This poses
another challenge. Existing analyses for Riemannian gradient descent, a direct exten-
sion of vanilla gradient descent, require both geodesic convexity and geodesic smoothness
under the same Riemannian metric [30, [31].

Our main theoretical contribution lies in analyzing Riemannian gradient descent under
a hybrid scenario, where the objective function is geodesically convex with respect to one
Riemannian metric and geodesically smooth with respect to another. We prove that

!The term “smooth” used in this paper does not mean infinite differentiability. We will define smooth-
ness in Section @



under this hybrid scenario, Riemannian gradient descent converges at a rate of O(1/T),
identical to the rate of vanilla gradient descent under the Euclidean setup.

Given that the objective function for computing the Augustin information is con-
vex under the standard Euclidean structure and geodesically smooth under the Poincaré
metric, our proposed hybrid framework offers a viable approach to solve this problem. In
particular, we prove that Riemannian gradient descent with the Poincaré metric converges
at a rate of O(1/T) for computing the Augustin information. This marks the first algo-
rithm for computing the Augustin information that has a non-asymptotic optimization
error bound for all o > 0.

Due to the page limit, we defer the proofs of lemmas and theorems in this paper to
the appendix.

Notations We denote the all-ones vector by 1. We denote the set of vectors with non-
negative entries and strictly positive entries by Rf and Rﬂ\rf ., respectively. The i-th entry
of z is denoted by z(¥). For any function f : R — R and vector x, we define f(z) as the
vector whose i-th entry equals f (a:(i)). Hence, for example, the i-th entry of exp(z) is
expz(Y. The probability simplex in Rﬂy is denoted by Af , and the intersection of Rﬂ\rf n
and Af is denoted by Af +. The notations ® and @ denote entry-wise product and entry-
wise division, respectively. For z,y € R, the partial order z < y means y —x € Rf . For
a set S € RY, the boundary of S is denoted by 9S. The set {1,2,..., N} is denoted by
[N].

2 Related Work

2.1 Computing the Augustin Information

Nakiboglu [5] showed that the minimizer of the optimization problem satisfies a fixed-
point equation and proved that the associated fixed-point iteration converges to the order-
a Augustin information for o € (0,1). Li and Cevher [42] provided a line search gradient-
based algorithm to solve optimization problems on the probability simplex, which can
also be used to solve the optimization problem (). You et al. [29] proposed a gradient-
based method for minimizing quantum Rényi divergences, which includes the optimization
problem as a special case for all @« > 0. These works only guarantee asymptotic
convergence of the algorithms. Analysis of the convergence rate before the presen work
is still missing.

2.2 Hybrid Analysis

Antonakopoulos et al. [41] considered (Euclidean) convex and geodesically Lipschitz objec-
tive functions, analyzing the regret rates of the follow-the-regularized-leader algorithm and
online mirror descent. Weber and Sra [43] considered geodesically convex and (Euclidean)
smooth objective functions, analyzing the optimization error of the convex-concave pro-
cedure. The former did not consider the hybrid case of geodesic convexity and geodesic
smoothness under different Riemannian metrics. The latter only analyzed a special case of
the hybrid scenario we proposed. Neither of them analyzed Riemannian gradient descent.

3 Preliminaries

This chapter introduces relevant concepts in geodesic convex optimization.



3.1 Smooth Convex Optimization

If an optimization problem is convex, we may consider using (projected) gradient descent
to approximate a global minimizer. Existing non-asymptotic error bounds of gradient
descent require the objective function to be either Lipschitz or smooth.

Definition 3.1. We say a function f : RV — R is L-Lipschitz for some L > 0 if for any
z,y € RN, the function satisfies

|f(y) = f(2)] < Llly — zl|2.

We say a function f : RN — R is L-smooth for some L > 0 if for any x,y € RN, the
function satisfies

Fl) < @) + (Vi) —a)+ 5y — 2l

Given a convex optimization problem mingcc f(z), gradient descent converges at a
rate of O(1/v/T) for the Lipschitz case and O(1/T) for the smoothness case, where T
denotes the number of iterations. However, You et al. [29, Proposition III.1] showed that
the objective function in the optimization problem is neither Lipschitz nor smooth.

3.2 Basics of Riemannian Geometry

An N-dimensional topological manifold M is a topological space that is Hausdorff, second
countable, and locally homeomorphic to RY. The tangent space at a point z € M,
denoted as T, M, is the set of all vectors tangent to the manifold at . A Riemannian
metric g on M defines an inner product on each tangent space. The inner product on T, M
is denoted as (-, -),. A Riemannian manifold (M, g) is a topological manifold M equipped
with a Riemannian metric g. Given a Riemannian metric, the induced norm of a tangent
vector v € T, M is given by ||v||z := v/(v,v),. The length of a curve 7 : [0,1] — M is
defined as L(7) := fol 17/ (t) |l dt, and the induced distance between two points z,y € M
is given by d(z,y) = infy L(7y), where the infimum is taken over all curves v connecting
x and y. We call a curve v connecting = and y a geodesic if L(v) = d(z,y). For each
x € M and v € T, M, there is a unique geodesic v, : [0,1] — M such that ~,(0) = =
and v, (0) = v [44, Corollary 4.28]. The exponential map at a point x € M is the map
exp, : TyM — M such that exp,(v) = 7,(1). The logarithmic map log, : M — T, M
at a point x € M is the inverse of exp,. Given a differentiable function f : M — R, the
Riemannian gradient of f at € M is the unique tangent vector gradf(x) that satisfies
(gradf(z),v), = df(x)[v] for all v € T, M.

3.3 Geodesically Convex Optimization

The notions of convexity and smoothness can be extended for functions defined on Rie-
mannian manifolds.

Definition 3.2 (Geodesic convexity, geodesic smoothness [30]). Let f : M — R be a
function defined on a Riemannian manifold (M, g). We say the function f is geodesically
convez (g-convex) on (M,g) if for every x,y € M, the function satisfies

f(y) = f(x) + (gradf(x),log, y)z,

We say the function f is geodesically L-smooth (g-L-smooth) on (M, g) if for every x,y €
M, the function satisfies

F(y) < £(a) + (gradf (@), log, y)a + 5 d(z,),

for some L > 0, where d is the induced distance.



With the notions of the exponential map and Riemannian gradient, vanilla gradient
descent can be extended to the so-called Riemannian gradient descent (RGD) [30, 31, 140],
which iterates as follows

Ti41 < expxt(_ngradf(l't))a (2)

where n denotes the step size.
For Riemannian gradient descent, there exists a non-asymptotic optimization error
bound analogous to that in gradient descent [30].

Theorem 3.3 ([30, Theorem 13]). If the function to be minimized is g-convex and g-L-
smooth on a Riemannian manifold (M,g), then RGD with step size n = 1/L converges
at a rate of O(1/T).

4 Hybrid Analysis of Geodesically Smooth Convex Opti-
mization

Consider the optimization problem

min f(z),

where M is a Riemannian manifold equipped with Riemannian metrics g and b, and
f € CY(M) is a function lower bounded on M. In this paper, we consider a hybrid geodesic
optimization framework that f is g-convex and g-smooth under different Riemannian
metrics.

Assumption 4.1. The function f is g-convex with respect to the Riemannian metric g
and g-L-smooth with respect to the Riemannian metric by, i.e.,

F(y) < F(@) + {arady £ (), 108y Yoco) + 5 2 (,9),

where the subscripts g and by in the grad, log, (-,-), and d(-,-) respectively indicate which
metric the geometric quantities are associated with.

In this section, we prove that RGD with b still converges at a rate of O(1/T") under
the Assumption

Lemma 4.2 ([31, Corollary 4.8]). Let f be g-L-smooth with respect to b and let x4 =
€XPp(z) (—%gradhf(x)) for some x € M. Then,

1

flws) = (@) < =5 lerady £ @) ey

where expy(y) (), grady f(+), and || - [ly) are induced by b.

With Lemma we can expect that RGD generates a convergent sequence for which
the Riemannian gradient at the limit point vanishes.

Lemma 4.3 ([31, Corollary 4.9]). Let f be g-L-smooth with respect to Y. Let {x:} be the
iterates generated by RGD with the Riemannian metric by, initial iterate x1 € M and step
sizen = 1/L. Then, we have

lim [grady f (2)lly(z.) = 0.



The distance between two consecutive RGD iterates, z and x4 = expy(y) (—1 grady f(z)),
goes to zero. This is due to the fact that dy(z,y) = || logy(y) Ylly() for any z,y € M, and
the following equation:

1
logy(z) T+ = —Zgradbf(a:).

Since the Riemannian gradients of the iterates in Lemma [£.3] vanishes, the limit point of
the iterates exists.

Corollary 4.4. The limit point Too := limy_,oo 7 of the RGD iterates in Lemma [[.5
exists.

Then, if 2o, € M, the Riemannian gradient (with respect to the Riemannian metric
B) of xo is zero. This means the iterates converge to a minimizer of f.

Lemma 4.5. Suppose that Assumption holds. Let {x;} be the iterates generated by
RGD with the Riemannian metric Yy, initial iterate 1 € M and step size n = 1/L. If the
limit point xo € M, then xo is a minimizer of f on M.

The following theorem presents the main result of this section, a non-asymptotic error
bound for RGD under the hybrid geodesic optimization framework.

Theorem 4.6. Suppose that Assumption holds. Let {x.} be the iterates generated by
RGD with the Riemannian metric b, initial iterate ©1 € M and step size n = 1/L. For
any T € N, we have

flara) = f(@e0) < TSP 1(10gg) e Zoo Iy ()

where Too 1= Moo Ty
The proof of Theorem [£.6] relies on the observation that
<gradhf(x)7 U>b(:€) = df(a:)[v] = <gradgf(x>7 v)g(:p)'
We sketch the proof below.

Proof. Let & := f(z¢) — f(%o0). By Lemma[d.2] we have

1
01 = 0 < =5z [lerady £ (24) [r,)-
By the g-convexity of f and the Cauchy-Schwarz inequalities, we write

6t < (—gradyf(zt), (l0gg)x, Too) ()
= _df(xt>[(10gg)$tx00]
= <—gradhf(xt), (10gg)octx<>0>b(zt)
< llgrady f (@¢)lp(,) [ (108g) 2 Too () -

Combining the two inequalities above, we obtain

1 o
2L ||(10gg)xtx00H§(

dpr1 — 6 <

xt)

Then, we can follow the standard analysis of gradient descent [26, Section 3.2]. The rest
of the proof can be found in Appendix [B] O

Remark 4.7. Note that sup;ey ||(10gg)z, Toollg(z,) 8 bounded since limy— o0 Tt = Too.
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5 Application: Computing Augustin Information

In this section, we apply Theorem to compute the order-a Augustin information .
We begin by introducing a Riemannian metric called the Poincaré metric. We then show
that the objective function of the optimization problem is g-|1—a|-smooth with respect
to this Riemannian metric. Finally, we apply the main result, Theorem |4.6] with a minor
adjustment regarding a boundary issue.

5.1 Poincaré Metric

Consider the manifold M = Rf 4. Let x € M and u,v € T; M. The Poincaré metricﬂ is
given by
(u,v), = (U@ x,v D x).

Proposition 5.1 ([45, [46], 47]). Given x,y € Rﬂr and v € RN, we have the following:

e Riemannian distance: d*(x,y) = ||log(y @ x)||3.
o Geodesic: y(t) = 21~ ® y*, which connects  and y.
e Ezxponential map: exp,(v) =z @ exp(v @ x).

e Riemannian gradient: gradf(x) = 22 ® Vf(z).

5.2 Geodesic Smoothness of the Objective Function

Since we consider the finite alphabet ) case, we can identify Py |x and Qy as vectors in
Af . Denote Qy by = and view Py|x as a random variable p in Af . Then, the order-a
Augustin information for p can be written as
min, fo(@), fal@) == ByDa(pl0) )
CEEA_‘A_T
where a € Ry \ {1} and Dq(y|z) := -5 log(y®, 2! =) is the order-a Rényi divergence
between two probability vectors x,y € Af .
The constraint set in the optimization problem is the probability simplex AY,
while the Poincaré metric is defined over the whole positive orthant Rf 4. We address
this inconsistency by the following lemma. Define

go(z) := (1, 2) + fo(x).
Lemma 5.2. Let f, and g, be defined as above, we have

arg min g (r) = arg min f,(y).
zeRY yeAl
Lemma 5.3. The function f.(z) is geodesically |1 — a|-smooth in RY . with respect to
the Poincaré metric; the function go(x) is geodesically (|1 — | + 1)-smooth on the set
{z e RY, : 2 < 1} with respect to the Poincaré metric.

With Lemma we may consider minimizing g, on Rf via RGD with the Poincaré
metric, initial iterate z; € RY and step size n = 1/(|1 — a| + 1), which iterates as

1

_mxt ® Vga(xt)> . (4)

Ti+1 = Tt O €xXp (

Note that we additionally require that = < 1 for the g-smoothness of g,. We justify
this requirement by the following lemma.

2This metric is not the exact Poincaré metric in standard differential geometry literature (see e.g., [44])
but rather a variation of it. We use this term for convenience, as Antonakopoulos et al. [41] did.



Lemma 5.4. The iterates {x;} generated by the iteration rule (4)) satisfies z; < 1.

Since the function (1, z) is convex in the Euclidean sense, the objective function g, is
also convex in the Euclidean sense. It is desirable to apply Theorem [.6]to g, with g as the
standard Fuclidean metric and § as the Poincaré metric. However, the Poincaré metric
is only defined on the interior of the constraint set ]Rf , whereas RGD for the function
go(x) may yield iterates that violate the assumption that lim; o s € M of Lemma
We show that even if the limit point falls on the boundary of Rf ., the limit point is still
a minimizer when considering the Poincaré metric on Rf e

Lemma 5.5. Let f € Cl(Rf) be Euclidean convexr and g-L-smooth with respect to the
Poincaré metric. Let {x;} be the iterates generated by RGD with the Poincaré metric,
initial iterate 1 € R_]L and step size n = 1/L. Then, the limit point xoo := limy_oc x4 €
R_]X is a minimizer of f on Rf.

Consequently, we still have a non-asymptotic error bound for the optimization problem
minxeRf Jo(x).
Since the iteration rule is for the optimization problem minzeRf Jo(x), these it-

erates may fall outside the constraint set Af of the original problem. We show that the
sequence of normalized iterates still converges at a rate of O(1/T).

Proposition 5.6. Let {x;} be the iterates generated by the iteration rule (4) with x; €
Af. For any T € N, we have

2(11 — al +1)

fal@rin) = fal@®) < 257

sup [|2* @ 2 — 13,
teN

xT
[EIR

where x* € arg minxeAﬁ fa(z) and z := for any vector x € Rf.

Note that the term ||z* @ z; — 1|3 is bounded since lim;_so ¢ = Too (Remark .

5.3 Numerical Results

We conducted numerical experimentsﬂ on the optimization problem (/1)) by RGD, using the
explicit iteration rule (4f). The experimental setting is as follows: the support cardinality
of p is 24, and the parameter dimension N is 2. The random variable p is uniformly
generated from the probability simplex Af . We implemented all methods in Python on
a machine equipped with an Intel(R) Core(TM) i7-9700 CPU running at 3.00GHz and
16.0GB memory. The elapsed time represents the actual running time of each algorithm.

Figure[I]demonstrates the results of computing the order-3 Augustin information using
RGD, the fixed-point iteration in Nakiboglu’s paper [5], the method proposed by Li and
Cevher [42], and the method proposed by You et al. [29]. We tuned the parameters for the
latter two methods to achieve faster convergence speeds. We set & = 0.4, r = 0.7, 7 = 0.5
for the method proposed by Li and Cevher [42], and set 6; = 1, § = 1072, B = 0.99,
v = 1.25, ¢ = 10 for the method proposed by You et al. [29]. We approximate the optimal
value based on the result obtained from the method proposed by Li and Cevher [42] after
20 iterations.

The numerical results validate our theoretical analysis, showing that RGD converges
to the optimum. The fixed-point iteration proposed by Nakiboglu [5] diverges, as it
is only guaranteed to converge for « < 1. We observe that RGD is slower than the
methods proposed by Li and Cevher [42] and by You et al. [29]. However, the latter

3The code is available on GitHub at the following repository: https://github.com/CMGRWang/
Computing-Augustin-Information-via-Hybrid-Geodesically-Convex-Optimization.git
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Figure 1: Convergence speeds for computing the order-3 Augustin information.
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Figure 2: Slower convergence speeds for the methods proposed by Li and Cevher [42] and
by You et al. [29].

two methods guarantee only asymptotic convergence, and tuning parameters is required
to achieve faster convergence. We found that slightly adjusting parameters can result in
slow convergence speed for these two algorithms. Figure [2] shows that if we change &
from 0.4 to 0.04 and ¢ from 10 to 100, both methods become slower than RGD in terms
of elapsed time. Directly comparing numerical results would be unfair, given that these
two methods lack convergence rate guarantees and require tuning to get better results.

6 Conclusion

We have presented an algorithm for computing the order-a Augustin information with a
non-asymptotic optimization error guarantee. We have shown that the objective function
of the corresponding optimization problem is geodesically |1 — a|-smooth with respect to
the Poincaré metric. With this observation, we propose a hybrid geodesic optimization
framework for this optimization problem, and demonstrate that Riemannian gradient
descent converges at a rate of O(1/T) under the hybrid framework.

A potential future direction could be generalizing this result for computing quantum
Rényi divergences. Our framework can also be applied to other problems. For instance,
the objective functions in the Kelly criterion in mathematical finance [48] and in com-
puting the John Ellipsoid [49] are both g-smooth with respect to the Poincaré metric.
Another interesting direction is to develop accelerated or stochastic gradient descent-like
algorithms in this hybrid scenario.
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A Proof of Lemma 4.5

Since zo, € M, by Lemma we have

lgrady f (oo ) ll(2ee) = O-

Note that grady f(z) is the (Riesz) representation of the differential form df(x) on the
tangent space T, M with respect to the metric b, and gradf (x) is the representation of
the same differential form df(z) under another metric g. Therefore, for every v € T, M,
we have

(grady f(z), v}y = df (@)[v] = (grady f(z), v)g(),
which implies
lgrady f(2o0)llg(a) = O-

Since f is g-convex with respect to g, having zero Riemannian gradient with respect to g
at z is equivalent to x being a global minimizer of f on M.

B Proof of Theorem 4.6

We have shown that

1 62
01 — 0p < — = : .
2L H(IOgg)xtﬁUw"g(m)
Let w; == ———-——>— and divide both sides by 6;6;+1. Since the sequence {6+} is
”(IOgg)EtmOOHb(xt)
non-increasing, we write
1 1 wy Oy wy
- <t T <

6 01 2L01 2L
By a telescopic sum, we get

fi < if 1 < 7tht.
dtp1 — 01 O 2L

Therefore, we have

2L 2L
fler) = flox) < o < 7 sup 11084z, oo -

C Proof of Lemma 5.2

Given any vector x € Rﬂy, we can write it as x = Ay where A = Eie[]\q 2@ and y € Af.
We have
9a(x) = ga(Ay) = A —log A + fa(y).

Observe that
0 1

nl =N
and gq(\y) is convex in A. This means for every y € AY, the function g, (\y) achieves its
minimum at A = 1. Therefore, let y* be a minimizer of f, on Af , for every A > 0 and
y € AY | we have

faly") < faly)
&1+ faly”) <1+ faly)
€ 9a(y") < ga(y) < ga(My).
This shows that y* is a minimizer of f,(y) on Aﬂ\r] if and only if * = y* is a minimizer of
o ().
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D Proof of Lemma 5.3

We will utilize the following equivalent definition of g-convexity and g-smoothness.

Definition D.1 ([30, 50]). For a function f: M — R defined on (M,g), we say that f
is g-convex on (M,g) if for every geodesic y(t) : [0,1] — M connecting any two points
x,y € M, f(v(t)) is convezr in t in the Euclidean sense. We say that f is g-L-smooth
(M, g) if for every geodesic v(t) : [0,1] — M connecting any two points x,y € M, f(y(t))
is Ld*(x,y)-smooth in t in the Euclidean sense.

Let v(t) be the geodesic connecting = and y for 7,y € RY, . If f,(v(?)) is Ld(z,y)-
smooth in the Euclidean sense, then the function fo(v(t)) = E,f,(7(¢)) is also Ld(z,y)-
smooth in the Euclidean sense. Therefore, it suffices to prove the g-smoothness for the
function fp(z) := —ﬁ log(p®, z'~?) for any p € RY.

We now prove that

Fo(8)) =~ log{p™, (1))

is |1 — a|d?(z, y)-smooth in the Euclidean sense. Note that

V() =~(t) ©log(y @ ).

We have q - (t)l_a o log(y © 2)
el og(ly 0@
&fp(')’(t)) = (p®, v(t)1=2) )
The second-order derivative is
& 1| (0B log(y © x)) ’
a2 ) = ﬂ( ) )

1)
(p* © (1), (log(y © 2))?) }
(p*, 7 () =) '
(2)
Note that p, (log(y @ x))* € RY and () € RY,, so the quantities (1) and (2) are both

non-negative. Our strategy is to show that both quantities (1) and (2) are upper bounded
by d?(z,y), which then implies
d? 2 2

This gives the desired result by the fact that a function is L-smooth if and only if its
Hessian is upper bounded by LI, where I denotes the identity matrix.

D.1 Upper Bound of the quantity (1)
The numerator of the quantity (1) is
(p* © (1), log(y @ x))?
< [lo" 0 2(0)' 5 - os(y @ )13
< (P70 log(y @ 2)II3
= (7)) d* (2, y).

The first inequality is due to the Cauchy-Schwarz inequality, and the second inequality
holds because S (z(")? < (3 2")2 when () > 0 for all 7 € [N]. Thus, the quantity (1)
is upper bounded by d?(z,y).
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D.2 Upper Bound of the quantity (2)
The numerator of the quantity (2) is
(p* © ()77, (log(y @ 2))?)
< o™ 0@, - |(oety @ =)
< (p* (1)) [log(y @ )13
= (", (1) ") (2, y).

The first inequality is due to the Cauchy-Schwarz inequality, and the second inequality
is because 3 (2(9)? < (3222 when 2 > 0 for all + € [N]. Thus, the quantity (2) is
upper bounded by d?(z,).

D.3 Geodesic Smoothness of g,

We only need to show that h(z) : x — (1,z) is g-1-smooth. By direct calculation, we
have

20

2 , 2
h0) = Y1) <logy@>

N 2
(%)
Z € 2
< —_— frd
where the inequality is due to the concavity and monotonicity of log, which implies

(V)P = (@) (D) < (1 1)2® 41y < 1.

E Proof of Lemma [5.4]

Let x < 1, then the next iterate is

1

A direct calculation shows that  ® —V f,(z) € AY, so
—2W o VO fo(x) < 1,

where V) f(z) is the i-th component of Vf(x). By the inequality log(a) < b(a'/® — 1)
for any a,b > 0, we have

log 2 < Midﬂ ((x(i))llfalﬂ _ 1)
< |1JAH(W‘) —1)
< Miw (2 +20V0 £, (@)
_ MiAH (99 0gq ().

Therefore,
. 1 N
() < . PO vIO)
x _exp<|1a|+1 (x \Y ga(x)>>
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Hence,

This gives the desired result.

F Proof of Lemma [5.5

If the limit z lies in RY,, then it is a minimizer of f(z) by Theorem Assume
that the limit point xo, € ORY, and z ¢ arg minmeRﬁ f(z). Then, by the first-order

optimality condition, there exists some x € Rﬁ such that

(V (o), — Too) = D VO f(aoe) (@@ — 2{)) <0, (5)

1€[N]

where V@ f(z) is the i-th component of the vector V f(z).
By Lemma we have

lgradf (zoo) oo = l[To0 © Vf(2oo)ll2 =0,
where the Riemannian gradient is with respect to the Poincaré metric. Therefore,
¥ £0= VI f(r,)=0.
Combining this and the inequality , we get
Z VO f(zo0)z® <0,

i€[N],29=0
which means there exists some j € [N] such that

VU f(2s) < 0 and 2) = 0.

By the continuity of V f(z), there exists an open neighborhood U C R of 2, such that
forallz € U ‘
v f(z) <o0.

Since xo, is the limit point of the sequence {z;}, there exists T' > 0 such that x; € U for
all t > T, that is, '
v f(x) < 0.

However, this implies

1 (e
—Z:cgj)v(])f(xt) >0 Vt>T,

since ¢ € Rﬂ\r/ 4 and VU f(z;) < 0. Therefore, by the iteration rule of RGD, we have
. . 1 . ) .
1‘&21 = 5’3?) exp <—L$£3)V(J)f($t)> > ffgj)-

This shows that {xgj)} is increasing after ¢ > 7', which means this sequence cannot
converge to 0. This contradicts our assumption.
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G Proof of Lemma 5.6

Since g, is convex and g-smooth with respect to the Poincaré metric, by Theorem
and Lemma [5.5, we have
2(11 —a|+1
golare) — gala®) < =D g o oy — 1),
teN

Note that for any A > 0 and a fixed z € AY, the function g,(A\z) is minimized when
A =1, as shown in Appendix [Cl Therefore, x* € Af , and we have

foc(fT—H) — fa (37*) = Ga (ET-H) - ga(l’*)

< Ja (wT—i-l) - ga(m*)
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